On the Veltman Condition, the Hierarchy Problem and High-Scale
  Supersymmetry by Masina, Isabella & Quiros, Mariano
UAB-FT-741 CP3-Origins-2013-27 DIAS-2013-27
On the Veltman Condition, the Hierarchy Problem
and High-Scale Supersymmetry
Isabella Masinaa,b, Mariano Quirosc
a Dip. di Fisica e Scienze della Terra, Universita` di Ferrara and INFN Sez. di Ferrara,
Via Saragat 1, I-44100 Ferrara, Italy
b CP3-Origins and DIAS, Southern Denmark University,
Campusvej 55, DK-5230 Odense M, Denmark
c Institucio´ Catalana de Recerca i Estudis Avanc¸ats (ICREA) and
Institut de F´ısica d’Altes Energies, Universitat Auto`noma de Barcelona
08193 Bellaterra, Barcelona, Spain
Abstract
In this paper we have considered the possibility that the Standard Model, and its
minimal extension with the addition of singlets, merges with a high-scale super-
symmetric theory at a scale satisfying the Veltman condition and therefore with
no sensitivity to the cutoff. The matching of the Standard Model is achieved at
Planckian scales. In its complex singlet extension the matching scale depends on the
strength of the coupling between the singlet and Higgs fields. For order one values
of the coupling, still in the perturbative region, the matching scale can be located
in the TeV ballpark. Even in the absence of quadratic divergences there remains a
finite adjustment of the parameters in the high-energy theory which should guar-
antee that the Higgs and the singlets in the low-energy theory are kept light. This
fine-tuning (unrelated to quadratic divergences) is the entire responsibility of the
ultraviolet theory and remains as the missing ingredient to provide a full solution to
the hierarchy problem.
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2I. INTRODUCTION
In view of the recent discovery of a particle consistent with the Standard Model (SM)
Higgs boson with a mass mH ∼ 126 GeV, announced by the ATLAS [1] and CMS [2]
collaborations at CERN, the issue of quadratic divergences in the Standard Model Higgs
self-energy gains interest. Indeed quadratic divergences are indicative of the fact that the
natural order of magnitude of the Higgs mass is O(fLΛ) where fL is a loop factor and Λ
represents the scale of new physics beyond the Standard Model (BSM).
Quadratic divergences in the Standard Model were studied by Veltman [3] in the con-
text of dimensional regularization getting the one-loop condition 1
m2H + 2m
2
W +m
2
Z − 4m2t = 0 (1)
which is satisfied for a value of the Higgs mass mH ∼ 314 GeV in flagrant conflict with
experimental data.
Meanwhile BSM theories aiming to solve the problem of quadratic divergences have
been postulated. There are essentially two class of such theories:
• Theories where the Higgs is composite in the infrared by some strong dynamics.
Therefore at high energies the Higgs dissolves into its constituents, only fermionic
matter is present and there are no quadratic divergences. This solution is unrelated
to the Veltman condition and we will not be concerned about it.
• Theories with extra fields and an extra symmetry such that the new fields with
couplings dictated by the symmetry cancel the quadratic divergences of the Higgs
self-energy. The prototype of such theories is supersymmetry and in particular
the minimal supersymmetric extension of the Standard Model (MSSM). Unlike the
previous solution the theory remains perturbative up to high scales. In a supersym-
metric theory the absence of quadratic divergences is automatically satisfied 2. In
this paper we will consider this kind of solutions.
The search of supersymmetric particles is being the subject of an intense experimental
activity at LHC [5] although for the moment only negative results have been collected
1 Notice that the result corresponding to Eq. (1) was implicit in the early work of Ref. [4], through
a tadpole diagram for the physical Higgs contributing to the quantity δm2i /m
2
i (i = q, `,W,Z,H)
computed in the broken phase.
2 Notice that Eq. (1) translates the absence of quadratic divergences only in the Standard Model. This
equation is modified in extensions of the Standard Model as we will see later on in this paper. For
examples in supersymmetric extensions cancellation of quadratic divergences is automatic as every
term in Eq. (1) has a counterpart from its respective supersymmetric partner equal in absolute value
and with different sign.
3and only lower bounds on the mass of supersymmetric particles can be set. Most likely
supersymmetry, if it exists at all, is only realized at high-scale.
In this article we will link both facts: the non appearance of supersymmetric particles
at the LHC energies and the fact that the Veltman condition is not satisfied for the
measured value of the Higgs mass. We will consider that the Veltman condition, although
it is certainly not satisfied at the electroweak scales, can take place at some high-energy
scale µV at which a supersymmetric theory takes over. Speculations on the possibility
that the Veltman condition is not satisfied at low energy but at high scales have already
been considered in earlier studies [6–8] when the Higgs mass was not known and thus
no firm conclusions could be drawn. More recently some authors have reconsidered the
Veltman condition and pointed out [9–12] that it is indeed satisfied close to the Planck
scale.
The theory below µV is an effective Standard Model (or some minimal extension
thereof) where the Veltman condition implies that there are no quadratic divergences.
Therefore considering the SM as an effective theory valid for scales below µV the Higgs
mass is not sensitive to the cutoff scale. Beyond µV the theory is assumed to be super-
symmetric and thus the sensitivity to scales larger than µV is canceled by supersymmetry.
Still the UV theory requires some fine-tuned relation among its parameters to match both
theories at the scale µV . This tuning is the remnant of the old SM hierarchy problem.
Either it can have some environmental origin (e.g. due to the huge number of vacua of the
fundamental theory) or perhaps it is guaranteed by some extra symmetry, or even it is a
fine-tuning we have to live with (as it is the case of the cosmological constant problem).
In any case the fine-tuning should be provided by the UV theory.
The paper is organized as follows. In section II the problem of quadratic divergences
in the Standard Model is reviewed along with the relation between the Veltman condition
and the StrM2. In section III the one-loop Veltman condition is numerically analyzed
in the Standard Model using the NNLO running (three-loop for the beta functions and
two-loop for the couplings matching) renormalization group equation. We show that
for realistic values of the top quark and Higgs masses the Veltman condition is satisfied
around Planckian scales. In section IV we study the merging of the Standard Model with
the MSSM at the scale at which the Veltman condition is satisfied and with a predicted
value of the parameter tan β. Within the experimental errors in the top quark and Higgs
masses and in α3(mZ) the value of tan β in the high-scale MSSM lies in the interval
1 . tan β . 2. The merging of the Standard Model and the MSSM at the Veltman scale
requires a fine-tuning which is the remnant of the hierarchy problem in the absence of
quadratic divergences. In section V we study the Veltman condition in the presence of
a complex singlet coupled to the Standard Model Higgs with coupling λSH(µ). Actually
the scale at which the Veltman condition is fulfilled depends on the value of λSH(mZ).
In fact for λSH(mZ) ' O(1) the Veltman scale is O(TeV). Moreover in order to fulfill
4the Veltman condition along the singlet field some massive vector-like fermions, coupled
to the singlet, need to be introduced. These fermions can be Standard Model singlets
in order to not perturb the running of the Veltman condition along the Higgs field. In
section VI the merging of the previous theory with the MSSM with the addition of singlet
fields is done at the Veltman scale. We show that the merging with the supersymmetric
theory cannot be done for any value of λSH(mZ). In fact it can only be done either
for very small values of λSH(mZ) (essentially zero, i.e. the Standard Model case) or for
λSH(mZ) & 0.3. For given values of the parameters in the non-supersymmetric theory
tan β in the high-scale supersymmetric theory is a prediction. The addition of the singlet
requires an additional fine-tuning in the supersymmetric theory, on top of the MSSM’s
one, to insure the lightness of the Standard Model Higgs and a second one to satisfy the
Veltman condition along the direction of the singlet. Finally section VII contains our
conclusions.
II. QUADRATIC DIVERGENCES IN THE STANDARD MODEL
According to [3] within the framework of dimensional regularization a suitable criterion
to address the issue of quadratic divergences is the occurrence of poles in the complex
dimensional plane for D less than four. In particular at the n-loop level, a quadratic
divergence corresponds to a pole at D = 4 − 2/n. Naive quadratic divergences at the
one-loop level thus correspond to poles for D = 2.
Inquiring after the existence of poles for D = 2 in the SM, it was realized by Veltman [3]
that such poles exist in vector boson and Higgs self energy diagrams 3. In particular for
the Higgs mass they correspond to the shift, m2H → m2H + δm2H , and the divergence has
the form 4
δm2H =
Λ2
16pi2
CV , CV =
∑
n≥1
CV n, (2)
where the contribution CV n is associated to n loops. In particular at one-loop the Standard
Model result is [3]
CV 1 =
3
v2
(m2H +m
2
Z + 2m
2
W − 4m2t ) . (3)
The condition for the absence of the quadratic divergences at one loop stemming from
the cancellation between the fermion and boson masses, CV 1 = 0, is known as the Veltman
condition at 1-loop (VC1) [3] and was dubbed ”semi-natural” by Veltman himself.
A very simple way to understand the Veltman condition in the Standard Model and
generalizations thereof is starting from the one-loop effective potential in the presence of
3 And also in tadpole diagrams and in connection with the cosmological constant.
4 A similar structure holds for the vector bosons.
5the (constant) background Higgs field configuration φ
V (1)(φ) =
1
64pi2
∫
d4k Str
[
log(k2 +M2(φ))] (4)
where
Str
[
log(k2 +M2(φ))] = ∑
J=0, 1
2
,1
(−1)2J(2J + 1)Tr [log(k2 +M2J(φ))] (5)
and where M2J(φ) is the matrix of the second derivatives of the Lagrangian at zero mo-
mentum k for spin J fields 5. The mass matrix is thus obtained from M2J(φ) by inserting
the vacuum expectation value φ = v, where v is the location of the minimum of the
effective potential.
The UV divergences of the one loop effective potential can be displayed by expanding
the integrand in powers of large k. Writing
log(k2 +M2J) = log k
2 +
M2J
k2
− 1
2
M4J
k4
+ ... (6)
leads to
V (1)(φ) =
1
64pi2
[
StrI
∫
d4k
(2pi)4
log k2 + StrM2(φ)
∫
d4k
(2pi)4
1
k2
+ ...
]
. (7)
If a UV cutoff Λ is introduced the first term is a pure (cosmological) constant term with
coefficient proportional to StrI = nB − nF which vanishes in theories with equal number
of bosonic (nB) and fermionic (nF ) degrees of freedom (as e.g. supersymmetric theories).
The second term is of order Λ2 and determines the presence of quadratic divergences at
the one-loop level. Therefore quadratic divergences are absent provided that StrM2 = 0.
More precisely one can even tolerate StrM2 = constant since this would correspond to
a shift of the zero point energy which remains undetermined in the absence of coupling
to gravity. In theories with exact or spontaneously broken supersymmetry the vanishing
of StrM2 is fulfilled whenever the trace-anomaly vanishes. The soft supersymmetry
breaking terms are defined as those non supersymmetric terms that can be added to the
supersymmetric Lagrangian without spoiling the constancy of StrM2.
It is important to stress [13] that StrM2 is a function of φ. In a supersymmetric theory
StrM2 = 0 is true for any value of φ, and thus represents simultaneous satisfaction of
three sets of constraints, corresponding to terms which are proportional to φ0, φ and
φ2, respectively. In a generic theory the vanishing of StrM2 will instead occur only for
specific values of φ.
5 Notice that for spin-1/2 fields one should replace M21/2(φ)→M†1/2(φ)M1/2(φ)
6Consider now the SM with Higgs potential
V (φ) = −m
2
2
φ2 +
λ
4
φ4 (8)
In fact StrM2(φ) can be seen as a function of the renormalization scale µ ∼ φ, as given
by
StrM2(φ) = H(µ) + 3G(µ) + 6W (µ) + 3Z(µ)− 12T (µ) (9)
where the numerical coefficients in Eq. (9) come from the number of degrees of freedom
of the physical Higgs (one), the Goldstone bosons (three), the massive gauge bosons Z
(three) and W (six) and the top, a Dirac fermion (twelve). In fact
H(µ) = −m2(µ) + 3λ(µ)φ2
G(µ) = −m2(µ) + λ(µ)φ2
W (µ) =
1
4
g2(µ)φ2
Z(µ) =
1
4
(g2(µ) + g′2(µ))φ2
T (µ) =
1
2
y2t (µ)φ
2 , (10)
yt being the top Yukawa coupling and g, g
′ the electroweak gauge couplings. When φ =
v ≈ 246 GeV, we have that H,W,Z, T become the physical masses m2H ,m2W ,m2Z ,m2t while
G = 0. Note that there is no term linear in φ in (9), because the SM does not have a
cubic scalar invariant term in the Lagrangian. Clearly in the SM it is not possible to
have StrM2 = 0 for general φ, since the m2 terms in (9) do not cancel. The vanishing of
StrM2 will happen only at some specific value of φ. Since in the RGE we are identifying
φ with the renormalization scale µ, for large field values the terms proportional to φ2 in
(9) will neatly dominate; in other words the absence of quadratic divergences is provided
by the condition [13]
∂StrM2(φ)
∂φ2
= 6λ(µ) +
9
4
g2(µ) +
3
4
g′2(µ)− 6y2t (µ) = 0 , (11)
that is precisely the Veltman condition at 1-loop since the right hand side of Eq. (3) can
be written in terms of running couplings as
CV 1(µ) = 6λ(µ) +
9
4
g2(µ) +
3
4
g′2(µ)− 6y2t (µ) . (12)
Notice that including two-loop (or higher-loop) corrections will modify the condition
(12) by a loop suppressed O[1/(4pi)2] quantity which will translate into a tiny modification
of the one-loop Veltman scale µV1 [7, 10].
7III. THE VELTMAN CONDITION IN THE STANDARD MODEL
In terms of running couplings the VC1 reads as CV 1(µ) = 0. An example of the running
of the above quantities is provided in Fig. 1. We have performed a NNLO running (three-
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FIG. 1: Running of the Veltman condition CV 1(µ) and its various contributions as functions of
the renormalization scale µ. The plot has been obtained by choosing: mH = 126 GeV for the
Higgs mass, mt(mt) = 161.5 GeV for the running top mass in the MS scheme evaluated at the
top mass, α3(mZ) = 0.1196 for the strong coupling constant evaluated at the Z mass.
loop for beta functions [14] and two-loop for the matchings [15]) as discussed in [16].
The plot has been obtained by choosing the following values of the input parameters:
mH = 126 GeV for the Higgs mass, mt(mt) = 161.5 GeV for the running top mass in the
MS scheme evaluated at the top mass, α3(mZ) = 0.1196 for the strong coupling constant
evaluated at the Z mass. We recall that, according to SM fit results by the Particle Data
Group [17]: mt(mt) = 163.71± 0.95 GeV and α3(mZ) = 0.1196± 0.0017 at 1σ.
In the present work we display all results as a function of mt(mt), as suggested in [18]
and done in [16]. This allows to avoid the theoretical error due to the matching between
the pole mass and the running MS mass of the top quark. In order to make a link with
the pole top mass value Mt, we note that: i) According to Ref. [18] the pole top mass
value is just about 10.0 GeV larger than the running top mass; ii) According to the most
recent analysis of Ref. [19] the top pole mass mean value obtained by combining the latest
data from ATLAS, CMS and CDF is Mt = 173.36 ± 0.65 ± 0.3 GeV at 1σ, where the
last uncertainty is of theoretical origin and it is due to non-perturbative effects of order
ΛQCD. Here we consider it is safe to take the experimental range of the running top mass
8to be given by mt(mt) = 163.5± 2.0 GeV at 2σ. The value mt(mt) = 161.5 GeV selected
in Fig. 1 is thus the lowest acceptable one at 2σ. Notice that the contribution to the
VC1 from the Higgs quartic coupling (dashed line) is smaller than the gauge (dotted line)
and Yukawa (dot-dashed line) contributions. Increasing the top mass the Higgs quartic
coupling at high scales decreases and, as a consequence, the scale µ where the VC1 is
fulfilled increases. This means that in the SM the VC1 is typically realized at too high a
scale, slightly larger than the Planck scale.
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FIG. 2: The dependence of µV1 on the running top mass mt(mt). The solid line corresponds
to mH = 126 GeV and α3(mZ) = 0.1196. The shaded band is obtained by varying mH by ±1
GeV. The dot-dashed lines are obtained by varying α3(mZ) in its 2σ range [17]. The shaded
grey region emphasizes the range between the Planck mass (MPl = 1.2 × 1019 GeV) and the
reduced Planck mass (MPl/
√
8pi).
This is better illustrated in Fig. 2, where we plot the scale µV1 such that CV 1(µV1) = 0,
as a function of the running top mass in the MS scheme. The solid line is obtained for
mH = 126 GeV and α3(mZ) = 0.1196. The shaded region between the dashed lines
is obtained by keeping α3(mZ) fixed and varying mH in the range 126 ± 1 GeV. The
dot-dashed lines are obtained by keeping mH = 126 GeV and varying α3(mZ) in its
2σ range [17]. The dots on the lines signal the value of mt(mt) such that a second
vacuum degenerate with the electroweak one appears. For instance focussing on the case
mH = 126 GeV and α3(mZ) = 0.1196 (solid line), this happens for mt(mt) ' 162 GeV,
and the second degenerate minimum turns out to be located at µ = 4.3× 1017 GeV 6. For
6 Note that the scale at which this happens does not coincide with the scale at which the VC1 is satisfied
9larger (smaller) values of mt(mt) the Higgs potential is thus stable (metastable).
One realizes that the uncertainty on µV1 due to the 2σ range of α3(mZ) is larger than
the uncertainty due to the range of the Higgs mass. Anyway there is little room in the
experimentally allowed SM parameter space for the VC1 to be satisfied at sub-Planckian
scales: this happens only for the highest possible values of the Higgs mass and α3(mZ)
and for the lowest possible values of mt(mt).
IV. SM MERGING INTO HIGH-SCALE MSSM
As we pointed out in section I one can interpret the realization of the Veltman condition
around the Planck scale as an indication that we have a fine-tuned Standard Model up to
the scale µV1 which merges into a version of the MSSM which is in turn possibly embedded
into a more fundamental theory, as e.g. a superstring theory. This idea of a high-scale
MSSM 7 has been put forward recently using ideas based on the stability condition [20–
22]. We will show here that a similar idea can be implemented using as an input the
Veltman condition 8.
As the Standard Model is valid to some high-scale it is fine-tuned. At this point we
should give up with solving the SM hierarchy (along with the cosmological constant) prob-
lem unless a symmetry reason in the UV merging theory, or some kind of environmental
selection, is provided as it would be the case of the huge number (landscape) of string
vacua. In any way if we denote by H1 and H2 the MSSM Higgs doublets giving mass to
the down and up quarks, respectively, with a superpotential W = µH1 ·H2, the quadratic
terms in the tree-level potential are
V2 = m
2
1|H1|2 +m22|H2|2 +m23(H1 ·H2 + h.c.) (13)
where H1 · H2 = Ha1 εabHb2 (ε12 = −1) and the soft breaking terms m21,2,3 ' µ2V1 . The
fine-tuning required to have a single light Higgs is provided by the condition
m43 ' m21m22 (14)
which should be satisfied up to O[m2H(m21 + m22)], and the light and heavy eigenstates
in Fig. 2.
7 Notice the difference between our construction, i.e. high-scale supersymmetry where the effective theory
below µV is just the Standard Model, and the so-called split supersymmetry, where Higgsino and
gaugino masses are protected by some symmetry and remain in the low energy theory.
8 For an early study previous to the Higgs discovery see [23].
10
(i.e. the SM Higgs H and its orthogonal combination HHeavy) are
H = cos βH1 − sin βH˜2
HHeavy = sin βH1 + cos βH˜2 (15)
where
tan β ' |m1|/|m2| , (16)
H˜2 ≡ εH∗2 and the mass of the heavy Higgs is m2Heavy = m21 + m22. The projection over
the SM-Higgs
H1 ·H2 = − sin β cos β|H|2, |H1|2 + |H2|2 = |H|2 (17)
yields the light state HSM . At this point we are not going to argue about the origin of this
fine-tuning but we will just accept that the SM merges below the scale µV1 . This means
that we are assuming that all soft breaking parameters (soft-breaking masses, gaugino
and Higgsino masses and soft trilinear couplings) are O(µV1) so that we can match the
MSSM and the SM at the scale µV1 .
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FIG. 3: Left panel: Example of merging of SM with the MSSM. The plot has been obtained
by choosing mH = 126 GeV, mt(mt) = 161.5 GeV. The thicker dashed and solid lines are
obtained by choosing α3(mZ) = 0.1196; the thinner dashed and solid lines show the effect of
varying α3(mZ) by 2σ (this has a negligible impact on the running of the gauge and top Yukawa
couplings). Right panel: value of µV1/MPl (solid red) and upper value on tanβ (dashed blue).
We fixed α3(mZ) = 0.1196.
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Recall that the merging with the MSSM at µV1 requires
λ(µV1) =
1
8
[
g′2(µV1) + g
2(µV1)
]
cos2 2β +
3
16pi2
y4t (µV1)x
2
t
(
1− x
2
t
12
)
, (18)
where the last term is a threshold correction coming from a possible mixing in the stop
sector, xt = (At−µ/ tan β)/mS and we are identifying the common supersymmetric mass
mS ' µV1 . In Fig. 3 we show the running of CV 1(µ) for particular values of the top and
Higgs masses, as well as the running of the different terms in Eq. (18). In particular we
can see that the running of the threshold correction 3y4t /16pi
2 brings it to extremely small
values at µV1 so that we can, for all purposes, neglect this correction and thus we will
assume from here on the case of no mixing, i.e. xt = 0. This means in particular that
0 ≤ λ(µV1) ≤
1
8
[
g′2(µV1) + g
2(µV1)
]
, (19)
where equality with the left hand side (right hand side) holds for tan β = 1 (tan β  1).
For instance for the input values adopted in the left panel of Fig. 3 one realizes that it is
possible to achieve a viable merging with the MSSM for α3(mZ) & 0.1180. However for a
large enough top mass such that λ is negative at µV1 , the merging with the MSSM is not
possible for any allowed value of α3(mZ).
We can also determine the value of tan β for each point in the plane [mH ,mt(mt)].
Such value becomes an upper bound on tan β as we are neglecting the mixing and we are
assuming xt ' O(1) such that the threshold correction to the quartic coupling is positive.
As an example, we consider for definiteness α3(mZ) = 0.1196 and display in the right
panel of Fig. 3 the isocurves of constant µV1/MPl (solid red) and upper value on tan β
(dashed blue). We see that a large tan β is not possible for the Veltman condition to be
satisfied below the Planck scale: in fact we are able to fix the upper bound on tan β as
tan β . 2. As we can see from the plots in Fig. 3 from the Veltman condition the merging
of the SM at low energy into the MSSM at high energy can only be done, for realistic
Higgs and top quark masses, at slightly trans-Planckian scales which sheds doubts on the
consistency of the whole procedure as gravitational effects are never considered.
Moreover on purely experimental grounds we do not expect the Standard Model to
be the effective theory at energies presently explored by LHC as there is no valuable
candidate to Dark Matter. From that point of view some SM extension should be favored
as a candidate to low-energy effective theory. A quick glance at Fig. 1 shows that the
(negative) contribution of the top quark Yukawa coupling in the Veltman condition is
responsible for its fulfillment at very high scales. So adding fermions to the SM (e.g. vector
like fermions) coupled to the Higgs field will only worsen the situation. It is clear that we
need some bosonic contribution to lower the Veltman scale µV and from that point of view
one can envisage a generic situation with bosonic Dark Matter. In the next section we
will consider the simplest such model where a singlet is coupled to the SM Higgs, a model
12
already considered in the literature for various purposes [24], including the improvement of
fine-tuning for the Higgs field in the Standard Model [25–27]. We will consider a complex
singlet, instead of a real one, to make it simpler the merging with the MSSM extended
by a singlet superfield, a supersymmetric theory which has also been extensively studied
in the literature [28] and is usually dubbed as the NMSSM 9.
V. SM EXTENSION WITH SINGLETS
Let us now consider the simplest SM extension with a complex singlet S, with a general
potential given by
V = VSM + λS|S|4 + 2λSH |H|2|S|2 +M2S|S|2 + · · · (20)
where
VSM = −m2|H|2 + λ|H|4 . (21)
We will consider the particular case λS(µV1) = 0 which will have a simple merging with
the NMSSM as we will see in the next section 10.
As the mass of the complex singlet in the presence of the background field φ from (20)
is given by
m2S(φ) = M
2
S(µ) + λSH(µ)φ
2 (22)
the Veltman condition for the cancellation of quadratic divergences (11) reads as
6λ(µ) + 2λSH(µ) +
9
4
g2(µ) +
3
4
g′2(µ)− 6y2t (µ) = 0 . (23)
where the contribution of the S field to StrM2 is 2m2S(φ) and thus the factor of two in
Eq. (23) is the number of degrees of freedom of the complex singlet.
The introduction of a light singlet with Lagrangian given by the potential (20) creates
a second hierarchy problem even if the scalar singlet S is heavier (at the TeV scale)
than the SM Higgs and independently on whether or not it does acquire a VEV [27]. In
particular the coupling 2λSH |S|2|H|2 creates a quadratic sensitivity on the scale for the
9 The name NMSSM is usually reserved to the MSSM plus a singlet chiral superfield, when the scalar
component of the singlet acquire a non-zero VEV which makes it possible to give a technical solution
to the supersymmetric µ-problem. Independently on whether our singlet does or does not not acquire
any VEV, for simplicity and notational convenience we will occasionally keep on calling the model
NMSSM by an abuse of language.
10 Of course even if we consider λS = 0 at the merging scale it will be generated at lower scales by
the renormalization group equations (RGE), although its impact should be tiny as we have checked
numerically.
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|S|2 term. This quadratic sensitivity can only be canceled by a fermion mass contribution
in the presence of the background field S. In particular the minimal extension is done by
adding to the SM the scalar S and a (singlet) Weyl fermion f with a mass Lagrangian
Lf = −1
2
(mf + λfS)f
αfα + h.c. . (24)
and thus M1/2(S) = mf +λfS. The Veltman condition along the |S|2-direction should be
then understood as the S-dependent part of StrM2(φ, S). It can then be written as
8λSH(µV1)− 2λ2f (µV1) = 0 . (25)
where the first term comes from the Higgs doublet H (four degrees of freedom) and the
second one from the Weyl fermion f (two degrees of freedom) 11.
The one-loop beta functions for the interactions in Eqs. (20) and (24) are given by [29,
30]
(4pi)2
dλ
dt
= (12y2t − 3g′2 − 9g2)λ− 6y4t +
3
8
[
2g4 + (g′2 + g2)2
]
+ 24λ2 + 4λ2SH ,
(4pi)2
dλSH
dt
=
1
2
(12y2t − 3g′2 − 9g2)λSH + 4λSH(3λ+ 2λS) + 8λ2SH + 4λSHλ2f ,
(4pi)2
dλS
dt
= 8λ2SH + 20λ
2
S + 8λSλ
2
f − λ4f , (26)
(4pi)2
dλf
dt
= 6λ3f ,
where t = lnµ/mZ .
We plot in the left panel of Fig. 4 the new Higgs VC1 (23) and the various terms
contributing to it. There are two main differences with respect to the SM case shown in
Fig. 1, both of them contributing to lowering the scale at which VC1 is satisfied, µV1 ' 108
GeV:
• The first difference is that the function λ(µ), the SM quartic coupling, takes larger
values than in the pure SM case. The origin of this increase is the contribution
of the term 4λ2SH in its RGE, the first equation in (27). The largish value of λ(µ)
tends then to compensate the negative contribution of −6y2t (µ).
• The second difference is the very existence of the term 2λSH in the VC1 (23) whose
value is sizeable as can be seen from Fig. 4 and tends then to compensate the
negative contribution of the top quark Yukawa coupling.
11 As we will see in the next section there is also a quadratically divergent tadpole for the singlet S + S∗
from the supertrace term M†1/2(S)M1/2(S) which should be consistently cancelled by the matching
conditions of the supersymmetric merging theory.
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FIG. 4: Left panel: Same as in Fig. 1 but in the model defined by the potential in Eqs. (20)
and (24). Right panel: running of the Veltman condition along the S direction and of λS and
λf . Both panels are obtained by choosing λSH(mZ) = 0.2, λS(mZ) = 0.02, λf (mZ) = 0.78,
mH = 126 GeV, mt(mt) = 163.5 GeV, α3(mZ) = 0.1196.
In the right panel of Fig. 4 we also show the VC1 along the S-direction, Eq. (25), as well
as the running of couplings λS(µ) and λf (µ) whose boundary conditions are fixed at the
scale µV1 by λS(µV1) = 0 and Eq. (25). The corresponding initial values of the couplings
are indicated in the caption of Fig. 4.
As we can see from Fig. 4 the reduction in the value of µV1 is sizable even for a
small value of λSH . In fact the larger λSH(mZ) the stronger the reduction of the µV1
scale. The obvious question is how much can we lower the µV1 scale and in particu-
lar whether or not it can be pushed towards the TeV scale. To answer this question
we have plotted in Fig. 5 the scale µV1 as a function of the running top mass for var-
ious values of λSH(mZ). For each curve we have selected the values of λS(mZ) and
λf (mZ) so that both Veltman conditions, Eqs. (23) and (25), are satisfied along with
λS(µV 1) = 0. In particular for λSH(mZ) = (0.05, 0.1, 0.2, 0.4, 0.8) we have chosen respec-
tively λS(mZ) ≈ (0.003, 0.007, 0.02, 0.03, 0.05) and λf (mZ) ≈ (0.41, 0.56, 0.78, 1.1, 1.59).
We have also shown in Fig. 5, for the sake of comparison, the SM case (where λSH = 0)
which clearly shows, as it was pointed out in previous sections, that identifying µV1 with
the Planck scale requires borderline values of the top quark and Higgs masses and of
α3(mZ). Moreover Fig. 5 shows that, for fixed values of mt(mt), mH and α3(mZ), the scale
µV1 exhibits an exponential sensitivity to the value of λSH(mZ) and for λSH(mZ) . O(1)
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FIG. 5: The dependence of µV1 on the running top mass for various values of λSH(mZ). The
solid lines are obtained for mH = 126 GeV and α3(mZ) = 0.1196. The dashed (red) lines show
the effect of varying mH in the range 126± 1 GeV; the dot-dashed (blue) lines show the effect
of varying α3(mZ) in its 1σ range, namely α3(mZ) = 0.1196± 0.0017.
values of µV1 & TeV, where the theory is perturbative, can be reached. Clearly the UV
completion of the theory merging at the scale µV1 , should most probably become non-
perturbative at some scale below MPl when the coupling in the UV theory matching
λSH(µV1) reaches a Landau pole.
In the next section we will study the merging with the simplest supersymmetric theory
which consists in the MSSM plus the addition of singlet chiral superfields. In particular
we will see that adding to the NMSSM an additional chiral singlet T , with coupling and
masses satisfying some relations, condition (25) can be satisfied.
VI. MERGING TO THE MSSM WITH SINGLETS
We will assume here that the actual model, the SM plus the complex singlet S, merges
into a supersymmetric theory. As far as the Veltman condition along the SM Higgs is
concerned the simplest such theory is the MSSM plus a chiral supersymmetric singlet S
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which we are calling NMSSM with a superpotential W given by
W = λ2SH1 · H2 + µHH1 · H2 + 1
2
µSS2 (27)
and the potential for the Higgs and singlet sectors, with the addition of soft breaking
terms (including a trilinear soft coupling Aλ) is written as
V = m21|H1|2 +m22|H2|2 +m23(H1 ·H2 + h.c.) +M2S|S|2
+ λ22|H1 ·H2|2 + λ22|S|2(|H1|2 + |H2|2) +
g2 + g′2
8
(|H1|2 − |H2|2)2
+ λ2µHS(|H1|2 + |H2|2) + λ2µSS∗(H1 ·H2) + λ2AλSH1 ·H2 + h.c. . (28)
By making the fine-tuning (14) required to have a light SM Higgs H, and consequently
the projections (15)-(17), we can write the potential (28) as
V = VSM +M
2
S|S|2 + λ22|S|2|H|2 + λ2
(
µH − µS + Aλ
2
sin 2β
)
(S + S∗)|H|2 (29)
with
λ =
1
8
(g2 + g′2) cos2 2β +
1
4
λ22 sin
2 2β +
3
16pi2
h4tx
2
t
(
1− x
2
t
12
)
(30)
where we also have introduced the threshold corrections generated by integrating out the
heavy stops Q˜ and U˜ c with xt = (At − µ/ tan β)/MS and where we are identifying the
common supersymmetric mass MS ' µV1 . Then the matching with the potential (20) is
done by the condition
λ22(µV1) = 2λSH(µV1) (31)
and the additional fine-tuning [on top of the MSSM one (14)] at the merging scale µV1
µ˜ ≡ µH − µS + Aλ
2
sin 2β = O(TeV) . (32)
Notice that unless we tune exactly µ˜ = 0 the potential (29) differs from the potential (20)
by the last term. In fact the last term of potential (29) generates a mixing between the
R field, where
S =
R+ iI√
2
, (33)
and the physical Higgs h through the Lagrangian term ∝ µ˜ vR(x)h(x). However the
latter does not modify the conditions for the vanishing of the Veltman relations, either
along the H and the S fields worked out in section V, as it appears in an off-diagonal
entry of the squared mass matrix which obviously does not contribute to the quantity
StrM2(H,S). However as we will see the term ∝ µ˜R|H|2 is a necessary ingredient in the
diagonal Higgs mass so as to cancel the tadpole along the R field.
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In order to also fulfill the Veltman condition along the S field the simplest possibility
is adding to the NMSSM an extra singlet superfield T such that S is coupled to it in the
superpotential WT as
WT =
1
2
λ3ST 2 + 1
2
µTT 2 . (34)
The scalar component of T (T ) is integrated out at the scale µV1 by a soft breaking
mass term m2T |T |2 where mT ' µV1 , it disappears from the low-energy effective theory
and therefore it does not require any extra Veltman condition. The fermionic component
of T denoted by f has a mass from the superpotential (34) as
Lf = −1
2
(µT + λ3S)f
αfα + h.c. (35)
where we are assuming the supersymmetric parameter µT = O(TeV) and from the La-
grangian (24) we can identify, at the matching scale µV1 ,
λf (µV1) = λ3(µV1), mf (µV1) = µT (µV1) . (36)
Now to cancel all quadratic divergences along the S field direction we need to evalu-
ate the supertrace in the background field S. From the potential (29) and the fermion
Lagrangian (36) we can write
StrM2(S) = 4 [λ22|S|2 + λ2µ˜(S + S∗)]− 2 [λ23|S|2 + λ3µT (S + S∗)]+ · · · (37)
where the first term represents the contribution from the Higgs H in TrM20 (four degrees
of freedom), the second term the contribution from the Weyl fermion f in TrM †1/2M1/2
(two degrees of freedom) and the ellipsis indicates S-independent terms. From Eq. (37)
we obtain the absence of quadratic divergences in |S|2 mass terms if
2λ22(µV1) = λ
2
3(µV1) (38)
and cancelation of the quadratically divergent tadpole for
µ˜(µV1) =
µT (µV1)√
2
. (39)
Finally the low energy effective theory is defined by the potential (29) and the fermion
mass and Yukawa Lagrangian (35).
All parameters in the matching condition (30) should be considered at the scale µV1
and thus there is no guarantee that the supersymmetric theory could be matched at that
scale for realistic values of the top quark and Higgs masses and an arbitrary value of λSH .
The reason can be understood as follows. Neglecting the mixing in the stop sector 12 we
12 For values of λSH . O(1) the threshold corrections provide a tiny contribution to the Higgs quartic
coupling because, as we will see next, the top Yukawa coupling is driven to small values at high energy
scales. Therefore from here on we will consider the case of zero mixing.
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FIG. 6: Two examples of cases where the NMSSM merging is not viable. The corresponding
value of λSH(mZ) is indicated for each panel. For both plots we fixed mH = 126 GeV, α3(mZ) =
0.1196, mt(mt) = 163.5 GeV.
can write the relations
Min
[
1
2
λSH ,
1
8
(g2 + g′2)
]
≤ λ ≤ Max
[
1
2
λSH ,
1
8
(g2 + g′2)
]
(40)
so in the cases where λ(µV1) is outside the above range the merging into the NMSSM is not
viable. This happens for small enough values of λSH(mZ) as it is shown in Fig. 6 where
we plot the Veltman condition for λSH = 0.05 (left panel) and λSH = 0.2 (right panel). In
each case we have selected the values of λS(mZ) and λf (mZ) so that the Veltman condition
in the S direction, Eq. (25), is also satisfied, along with λS(µV 1) = 0. In particular we
have chosen for the plot in the left panel λS(mZ) ≈ 0.003 and λf (mZ) ≈ 0.41 and for the
plot in the right panel λS(mZ) ≈ 0.02 and λf (mZ) ≈ 0.78. As one can see the value of
λ(µV1) is outside the interval (40) and any reasonable mixing with xt = O(1) could not
cope with it.
For larger values of λSH(mZ) [λSH(mZ) & 0.3] the value of λ(µV1) enters the interval
(40) and the merging becomes possible. This is shown in Fig. 7 where two different
values of λSH(mZ) are used: 0.4 (upper panels) and 0.8 (lower panels). For each curve
we again selected, as in fig. 6, the values of λS(mZ) and λf (mZ) such that the Veltman
condition along the S direction (25) is satisfied, along with λS(µV 1) = 0. In particular
for the upper panels we have chosen λS(mZ) ≈ 0.03 and λf (mZ) ≈ 1.1, while in the lower
panels λS(mZ) ≈ 0.05 and λf (mZ) ≈ 1.59. Plots in left panels show the RGE running of
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FIG. 7: Examples of viable merging with the NMSSM for two values of λSH(mZ): 0.4 (upper
panels) and 0.8 (lower panels). In the left panels we show the running with the scale of the
Veltman condition (23) as well as the running of λ(µ) and that of the couplings defining the
interval (40): 12λSH(µ) and
1
8 [g
2(µ)+g2(µ)]. In the right panels we plot contour lines of constant
µV1 and tanβ in the plane (mt(mt),mH) assuming α3(mZ) = 0.1196.
the different terms contributing to the VC1 where we can see that threshold corrections
are rather tiny. In particular we can see that for λSH(mZ) = 0.8 the merging happens
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at scales ∼ TeV. Similarly the matching of λ from Eq. (30) provides (in the absence of
mixing) the value of tan β at the scale µV1 . In the right plots of Fig. 7 we show, for the
corresponding values of λSH(mZ), contour plots of the merging scale µV1 and tan β for
xt = 0.
Finally notice that a spin-off of the model is that there are candidates to Dark Matter.
In fact the scalar potential (29) has the discrete symmetry I → −I which opens up
the possibility of the real scalar I as a Dark Matter candidate. In fact the Lagrangian
term λ22|S|2|H|2 in (29) yields the contact interaction 14λ22I2h2 and the tri-linear coupling
1
2
λ22vI2h with the SM Higgs h which provide annihilation amplitudes into the SM channels:
hh, WW , ZZ, tt,. . . . This possibility was widely explored in the literature [31] and the
requirement of correct thermal cosmological abundance leads, for λ2 = O(1), to mass
values mS = O(1) TeV. More precisely we plot in the left panel of Fig. 8 the contour
levels in the plane (mS, λSH(mZ)), including the contour corresponding to the thermal
density ΩDM ≈ 0.25, as given by WMAP [17].
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FIG. 8: Left panel: Contour levels of ΩDM today. Note that, according to WMAP [17], ΩDM ≈
0.25. Right panel: The scale where the Veltman condition is satisfied as a function of mS when
ΩDM ≈ 0.25. We also fixed mH = 126 GeV and mt(mt) = 163 GeV.
If we cross the plot on the left panel of Fig. 8 with the information contained in Fig. 5
we can relate µV to mS as it is shown in the right panel of Fig. 8. We can see that for
µV 'MPl the correct thermal density is obtained for mS ' 1 TeV and λSH(mZ) ' 0.05,
while for lower values of µV we obtain larger values of mS. In particular for µV ∼ 105 GeV
the correct thermal density is obtained for mS ' 7 TeV and λSH(mZ) ' 0.4. Note that in
the considered range of mS values the channels h → II,RR is kinematically forbidden
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and there are no constraints from the invisible Higgs width. Of course one has to prevent
the decay I → ff from the fermion Lagrangian term in (24) IψT iγ5ψ [where ψT = (f, f¯)
is a four-dimensional Majorana fermion] which implies the condition mI < 2mf .
Notice that, after considering the constraints on the invisible Higgs decay, the region
on the left of the ΩDM = 0.25 curve in the left panel of Fig. 8 is allowed but the produced
thermal density is too small and one would need another DM candidate. In particular the
Majorana fermion ψ itself is a candidate to Dark Matter through the coupling RψTψ as
it annihilates into the Higgs field through the mixing of R with the physical Higgs h [32].
On the other hand the region on the right of the ΩDM = 0.25 curve in the left panel of
Fig. 8 is excluded as it would overclose the Universe.
VII. CONCLUSIONS
The hierarchy problem for the Standard Model as an effective theory below a given
cutoff Λ is twofold:
• On the one hand the presence of quadratic divergences makes the Higgs mass
quadratically sensitive to the cutoff scale Λ. This is a purely Standard Model
problem which is generated by the existence of quadratic divergences.
• On the other hand the Standard Model must be UV completed at the scale Λ by a
theory without quadratic divergences. Then:
– Either there is no Higgs in the UV theory because the low energy Higgs is
composite as a consequence of some infrared strong dynamics and dissolves at
high energy scales.
– Or quadratic divergences identically cancel in the UV theory, as it is the case
of a supersymmetric theory even in the presence of soft breaking terms.
Still the matching of the parameters of the high energy and the low energy theories
should guarantee light Higgs mass parameters at the merging scale. This requires
a fine-tuning on the UV theory parameters whose responsibility entirely lies in the
high-energy theory. Of course this fine-tuning could be avoided if the cutoff Λ is
only a loop factor larger than the electroweak scale.
As it was already pointed out the absence of quadratic divergences – dubbed Veltman
condition – is automatically satisfied in supersymmetric theories. However the absence of
experimental hints of supersymmetric partners [5] seems to imply that supersymmetry,
if it exists at all, might be realized at high enough scales Λ in which case requiring the
absence of quadratic sensitivity on the cutoff of the low energy effective theory implies
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that the matching between the supersymmetric and non-supersymmetric theories should
be done at the scale at which the Veltman condition is satisfied. In this case the low-energy
effective theory should not exhibit any quadratic sensitivity on the cutoff scale.
In this paper we have explored the general consequences of imposing the absence
of quadratic divergences in the Standard Model and extensions thereof, a condition first
imposed by Veltman in the context of the Standard Model. This should provide a solution
to the above first step of the hierarchy problem. Does this imply a full solution to the
hierarchy problem? The answer is clearly no, as the matching at the Veltman scale
requires a fine-tuned relationship between parameters (step two above) to have a light
Higgs squared mass parameter at the merging scale. However this opens up the possibility
that this relation be explained within the high-energy theory: either we admit that we do
not have any explanation for this fine-tuning, or it might have an environmental selection
origin or perhaps it is due to some symmetries or properties of the UV theory. In this
way the fulfillment of the Veltman condition allows us to postpone the solution of the
hierarchy problem on the knowledge of the UV theory. In other words, our ignorance on
the latter, or the absence of BSM experimental signatures, would prevent us from solving
the whole hierarchy problem: a patently obvious truth.
We have considered two models for the low energy effective theory: the Standard Model
and its extension with a light complex scalar and a light fermion. The results within the
Standard Model point towards a merging with the MSSM around the Planck scale and
a value of tan β in the range 1 < tan β < 2. However for the central values of the top
quark and Higgs masses and strong coupling α3(mZ) the merging happens at slightly
trans-Planckian scales putting doubts on the consistency of the theory as gravitational
effects are not considered.
Furthermore we have shown that extending the Standard Model with light bosonic
and fermionic degrees of freedom one could decrease the matching scale. In particular we
have studied the Standard Model extended by a complex singlet, coupled to the Higgs
field, with a coupling λSH , and to a singlet fermion, merging at the Veltman scale with
its supersymmetric extension. In this case depending on the value of the coupling λSH we
can lower the matching scale towards the TeV scale and get a prediction for tan β in the
supersymmetric merging theory. In particular for values of λSH such that the Veltman
scale is O(few) TeV we can predict that in the supersymmetric theory tan β ' 4− 5.
Finally we have observed that a spin-off of the model is that it contains possible
candidates to Dark Matter: in particular the real scalar I ≡ ImS, which has the discrete
symmetry I → −I, and the Majorana fermion ψ where ψT = (f, f¯), f being the Weyl
fermion in the supermultiplet T . We postpone a more detailed analysis of the Dark
Matter capabilities of the model to future work.
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